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Abstract. In this paper we compute the 2-adic valuations of some polyno- 
mials associated with the definite integral 

dx 



(x 4 + 2ax 2 + I) m +! 



1. Introduction 

In this paper we present a study of the coefficients of a polynomial defined in 
terms of the definite integral 

dx 



-3k 



(L1) NoAa;m) > v+Taj 

where to is a positive integer and a > —1 is a real number. 

Apart from their intrinsic interest, these polynomials form the basis of a new 
algorithm for the definite integration of rational functions. 

An elementary calculation shows that 

om+3/2 

(1.2) P m {a) := (a+l) m+1 / 2 N 0A (a;m) 

is a polynomial of degree to in a with rational coefficients. Let 

m 

(1.3) P m (a) =Y J di(m)a l . 

1=0 

Then it can be shown that di(m) is equal to 

/ m — I 

EE E(-D fe ^ 

j=0 s=0 k=s+l 

from which it follows that di (to) is a rational number with only a power of 2 in 
its denominator. Extensive calculations have shown that, with rare exceptions, the 
numerators of di (to) contain a single large prime divisor and its remaining factors 
are very small. For example 

4(30) = 2 12 - 7- 11 -13 -17 -31 -37 -639324594880985776531. 

Similarly, dio(200) has 197 digits with a prime factor of length 137 and its sec- 
ond largest divisor is 797. This observation lead us to investigate the arithmetic 
properties of di (to) . In this paper we discuss the 2-adic valuation of these di (to) . 

The fact that the coefficients of P m (a) are positive is less elementary. This follows 
from a hypergeometric representation of iVo,4(a; to) that implies the expression 

( ,4, * W _ --pf:: r )("■:*) (f 



2k\ ( 2m + 1\ I m — s — j\ ( s + j\ fk — s — j 
k){2( s +j)){ m-k ){ j ){ I- j 
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We have produced a proof of (|1.4|l that is independent of this hypergeometric 
connection and is based on the Taylor expansion 



(1.5) ^Ja+Vl + c = Va + 1 f 1 + jr 



(-l)^ 1 P fc _ x (a) ^ 



fe=i 



2 fe +! (a+ l) fe 



see [2] for details. 

The expression (|1.4|) can be used to efficiently compute the coefficients di(m) 
when I is large relative to m. In Section [5] we derive a representation of the form 

^ / m m \ 

*M = J^J^Ti aj(m)n(4*-l)-A(m)n(4A + l) 
\ fe=i fe=i / 

where a/(m) and 0i(m) are polynomials in m of degrees I and / — 1 respectively. 
For example 



(1.6) di(m) 



■if m m \ 

— y (2m + l)n(4fc-l)-n( 4fc + 1 ) 

\ fc=l fc=l / 



This representation can now be used to efficiently examine the coefficients di(m) 
when I is small compared to m. In Sectional we prove that 

Ha(di(m)) = l-2m + ^ 2 ( f" 1 ^ 1 ) ) +s 2 (m) 



o (.x 4 + 2aa; 2 + 1 



.m+l ' 



2 

where S2(rn) is the sum of the binary digits of m. 

2. The polynomial P m (a). 

Let 

iVo,4(a;m) = 
Then 

oro+3/2 

(2.1) P m (o) = (a + l) m+1 / 2 iV 0i4 ( a ;m) 

7T 

is a polynomial in a with positive rational coefficients. The proof is elementary and 
is presented in [5] . It is based on the change of variables x = tan 9 and u = 29 that 
yields 

at , ^ o-m-i r (l + cos U ) 2m+1 
N 0A {a]m) = 2 m / i i —r-r du. 

: 7o ((l + a) + (l-a)cos 2 U ) m+1 

Expanding the numerator and employing the standard substitution z = tan it pro- 
duces 

N 0A (a; m) = 



(2.2) 

2-2m-3/2 



v-^ / 2m + 1\ (a- l) m -» Z-Z (m - v\ 2 . , , 

where -B is Euler's beta function, defined by 

{ iy) T(x + y) 

The expression <|2.1[l now produces the first formula for di(m) given in the Intro- 
duction. 



THE 2-ADIC VALUATION OF THE COEFFICIENTS OF A POLYNOMIAL 



3 



3. The triple sum for di(m). 
The expression for the coefficients di (to) given in the Introduction can be written 



as 



± g (?) a:;;,) C" : r ) (" ; C 7- ; J ) ■ 

(3.1) 

This expression follows directly from expanding 1)2.2(1 and the value 

B(j + 1/2,1/2) = 

It follows that di(m) is a rational number whose denominator is a power of 2, 
therefore 

Lemma 3.1. Let p be an odd prime. Then 

v p [di(m)) > 0. 
The positivity of di (to) remains to be seen. 



4. The single sum expression for di(m). 

An alternative form of the coefficients di(m) is obtained by recognizing iVo^a; m) 
as a hypergeometric integral. A standard argument shows that 

Tr( 2m ) 

No,Mm) = 2m+3/2(a 7; )m+1/2 2fi l-m, m + 1; 1/2 - m; (1 + a)/2] 
where 2-F1 is a hypergeometric function, defined by 

r. r u 1 V""* {a)k{b)k u 

2 F l[a , b ,c; Z ] := E^pr^ 

where (r)k is the rising factorial 

(r)k = r(r + l)(r + 2)---(r + k-l). 

It follows that P m {a) is the Jacobi polynomial of degree m with parameters to + 1/2 
and — (to + 1/2). Therefore the coefficients are given by 




from which their positivity is obvious. We have obtained a proof of 1)4. l|l that is in- 
dependent of hypergeometric considerations and is based on the presence of P m (a) 
in the Taylor expansion (|1.5|) . See [2] for details. 

The formula l|4.1(l is very efficient for the calculation of the coefficients di(m) 
when I approximately equal to to. For instance, we have 

d m (m) = 2- 1 ^; 
d m ^(m) = 2-(™+ 1 )(^). 
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The expression (|4.1[) . rewritten in the form 
shows that 

(4.2) v 2 {di(m)) > I -2m. 

5. Basics on valuations 
Here we describe what is required on valuations. 

Given a prime p and a rational number r, there exist unique integers a, b, m with 
p/a, b such that 

(5.1) r = \ V m . 

The integer m is the p— adic valuation of r and we denote it by v p {r). 
Now recall a basic result of number theory which states that 

oo 

(5.2) «/ p (m!) = £ 

fe=i 

Naturally the sum is finite and we can end it at k = [\og p m\ . 

There is a famous result of Legendre [21 El f° r the p— adic valuation of ml. It states 

that 

(5.3) ^(m!) = — ^— - — 

where s p (m) is the sum of the base— p digits of m. In particular 

(5.4) V2(m\) = m — S2(m). 

6. The constant term. 

The calculation of the 2-adic valuation of the coefficients can be made very 
explicit for the first few. We begin with the case of the constant term. 
We first compute 

dx 

(X 4 + 



iV , 4 (0;m) = 
via the change of variable u = x 4 , yielding 



N OA (0;m) = is(l/4,m + 3/4) 



m l22m+3/2 

k=l 



n(4*-i) 



Therefore 

(6.1) d (m) = rj^- 1 )- 



m!2" 

fe=l 



Theorem 6.1. The 2-adic valuation of the constant term do(m) is given by 

V2{d (m)) = -(m + ^ 2 (w!)) 
= S2(m) — 2m. 



Proof. This follows directly from 1)6. If) . The second expression comes from (|5.4|l . □ 



THE 2-ADIC VALUATION OF THE COEFFICIENTS OF A POLYNOMIAL 



Using the single sum formula for do(m) we obtain 
Corollary 6.2. 

f 1m — 2k\ I m + A;^ 



V-2 



E 2 * 



- k 



m — vi (to!) 
s 2 (to). 



Corollary 6.3. T/ie 2-adic valuation of the constant term do(m) satisfies 

V2(do(m)) > 1 — 2to 
with equality if and only if to is a power of 2. 

We now present a different proof of Corollary 3 that is based on the expression 



(6.2) do(m) 
and the single sum formula 

2 2m d (m) = J^ 2 



1 m 

— TT(4fc-i) 

,|om 11 v ' 



fc=l 



(6.3) 



2to 

TO 



, / 2to — 2ti\ f m + k 
\ to — k 



2 £ 2 * 

fe=i 



._j / 2to — 2k\ (m + k 

n — k 



Proof. From (|6.3() it follows that 

V2{do{m)) > 1 — 2to 

because the central binomial coefficient is an even number. Now from (|6.2|) we 
obtain 

(6.4) 

From (|5.2|) we have 



i*s(do(m)) = -(to + z/ 2 (to!)). 



OC 



k=l 



Thus, from Q6.4fl . 



m(do(m)) = -£|JJJ 



k=0 



We know 1^2(^0 ( m )) > 1 — 2m, so it suffices to determine when equality occurs. 
Indeed, the equation 



(6.5) 



OO 

EL 

fc=0 



= 2m- 1 



can be solved explicitly. Write to = 2 e r with r odd, and say 2 N < r < 2 N+1 . Then 



00 

eLf 



= 2 e • r + 2 e 



fe=0 



r 








.2. 


+ 




,2 N \ 



and l|6.5[) leads to 



V V 00 

1 ~~ ^ l_2~d < ^2^~^-'27 _ 2 



k=l k=l k=l 

and we conclude that r = 1. The proof is finished. 



□ 
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7. The linear term. 
From the triple sum we obtain 

* w - ee(-w--)(:)P(;-:;' 

s=0 k=s+l \ / \ / \ 

Differentiating (|2.f \ and di(m) = -P^(O) we produce 

/ m m \ 

*H - ^TT (2m+ 1 )n(4fc-l)-II( 4fc + 1 ) ■ 

\ fc=i fe=i / 

Therefore the linear coefficient is given in terms of 

m m 

(7.1) Ai(m) := (2m + l)IJ(4fc-l)- JJ(4fc+l) 

fe=i fc=i 

so that 

(7-2) *(m) = 4Sr- 

v > ^ > m\2 m+1 

We prove 

Theorem 7.1. T/ie 2-adic valuation of the linear coefficient d\{m) is given by 

v 2 {di(m)) = 1 - 2m + v 2 {(™^ + s 2{m). 

Recall that the inequality v 2 {d\ (m)) > 1 — 2m follows directly from the single sum 
expression. The theorem determines the exact value of the correction term. 

Proof. We prove 

v 2 {Ax{m)) = i/ 2 (2m(m + l)) 
, (m + 1 

= 2 + V2 

The result then follows from (|5.4|) and l|7.2l) . 

Define 



B m = JJ(4fe + i)-l 



fc=i 

and 



C m = (2m+l)[j(4*E-l)-l. 



fe=i 

Then evidently Ai(m) = B. m — C m . 
We show 

a) v 2 {B m ) = 2 + is 2 

b) v 2 (C m ) > Z + v 2 
from which the result follows immediately. 



m + 1 
2 

TO + 1 

2 
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a) We have 



JJ(4fc + l)-l 

fe=i 

4™+!- 



m + 1 

J 



3=1 



m + 1 
3 



m + 1 
m 



= 2 Z 



2 /ra + 1 



fe=2 
m 



fc=2 



m + 1 
to + 1 — 

m + 1 
m + 1 — fc 



where [™] is an (unsigned) Stirling numbers of the first kind, i.e., 

m 

x(x + 1) • • • (a; + m — 1) = |^ 



fe=0 



fc 



To prove a), it suffices to show that 
vi 2 2 ' 



< v 2 \2 



,2/,- 



m + 1 
rn + i — fc 



for 2 < fc < to. 

To do this we observe that there exist integers Ck.i (k > 1, i > 0) such that 



m 

TO — fc 



E 

i=0 



2fc - i 



Cfc. 



see 0] p. 152]. For example 

TO 
TO — 1 

TO 
TO — 2 

m 

TO — 3 

TO 
TO — 4 

Hence the rational number 

u 



3, J +2 13 



, TO \ / TO \ /TO 

111 6 +2 ° 5 +6 4 



■ o >[ m W 210(7) +130'™ 



to(to — !)••• (to — fc) 



24 



divides 



ra — k 



(2fc)! 

in the sense that the quotient 



is an integer. 
It follows that 



TO 
TO — fc 



> i/ 2 {m(m - 1) ■ • • (to- fc)) - i> 2 ((2fe)!) 
= vi(ra{m —!)■•• (to — fc)) — 2fc + Si(k) 



s 
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where we have used Q5.3|l . 
Hence, provided k > 3, 

/ TO + 1 

2 \ to + 1 — k 
so that 

i r,2fc T rn + 1 

m + 1 — k 



> v 2 ((m + 1)to(to - 1) • • • (to + 1 - k)) - 2k + s 2 (k) 



> i*j ((m + l)m) + z/ 2 ((m - l)(m - 2)) + s 2 (k) 



> v % 2 



> i/ 2 ((m+ l)m) + 1 + 1 

l2 ^TO + 1 N 

2 

provided m > 3. ( For m = 1, 2 it is easy to check V2{B m ) = 2.) 
On the other hand, if fc = 2, then 



m 
to — 2 



= 3 



/?? 



— to(to — 1)(to — 2)(3to — 1), 



so if to is even, to > 4, we have 



V-2 



m 
to - 2 



v 2 



while if to is odd, to > 3, we have 



V-2 



TO 
TO — 2 



^2 



> J/ 2 



V-2 



so in either event 



Hence 



V-2 



TO + 1 
TO — 1 



V2 2 4 



TO + 1 
TO — 1 



to(to — 1) 



to(to — 1) 



to(to — 1) 



to(to — 1) 



TO (TO — 1) 



to(to — 1) 



> v 2 



> v 2 

> v 2 I _> 



+ i/ 2 (m-2)-i/ 2 (12) 
+ 1-2 

- 1 

+ i*(3m-l)- 15(12) 
+ 1-2 

- 1 



to + 1 
2 



- 1. 



TO + 1 

2 

TO + 1 

2 



as desired. 

We now prove b): 



C m = (2m +1) JJ(4fc-l)-l. 



fc=i 
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We have 



fc=i 



JJ(4A-1) = 4 m H(k-l/4) 
fe=i 

m+l p 1 - 

= _ 4 ™+i ^ m (-l/4) fc 

fe=o L ^ J 

m+l r - 
= (— I)™ ^""^ ™ ^_^-jm+l-fe 
fc=l 
m+l 

= (-i) m E 



/c=i 



m + l 
k 



(-4) 



m+l — A; 



thus 



m+l 



When m is even, we have 



k=i 



m + l 
k 



(-4) 



m+l — A; 



l. 



(2m + l)-(2m+l)-4 



m+l 
m 



Cm — 

m 

-1 + (2m + 1)^ 



fc=2 



m+l 
m + l — fc 



(-4) 



= -2m 2 (2m + 3) + (2m+ l)^ 
so, as in the proof of a), we have 



fc=2 



m+l 
m + 1 — fc 



+4) fe 



^(C m ) > 



min ( i/ 2 (2m 2 ), 4 



m + l 
m — 1 



,^2 4 



m+l 
m — 1 



> min ( 1 + 2^2 (™), 3 + ^2 



, • • • , u 2 4 



m + l 



m + l 
1 



> 3 + ^2 



m + l 



since m is even. 

On the other hand, when m is odd we observe that 



C m + l = (2m + l)[J(4fc-l) 



fe=i 



and 



so 



C m+ i + l = (2m + 3)(4m + 3) jj (4fc — 1) 



fc=i 



C m +i + 1 



Cm + 1 



(2m + 3)(4m + 3) 2m + 1 



10 
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and hence 



(7.3) 



so 



Cm — 



- 1 



(C m+1 + l)(2m+l) 

(2to + 3)(2to + 3) 
(2m+l)C m+ i -8(m+l) 2 
(2m + 3)(4m + 3) 



vi(C m ) > min(i/ 2 (C m+ i),2^ 2 (TO + l) + 3) 
' m + V 



> 



V2 



since m is odd. 

This completes the proof. 



□ 



The corresponding question of the 3-adic valuation of d\(m) seems to be more 
difficult. We propose 

Problem 7.2. Prove the existence of a sequence of positive integers mj such that 
v^,(di{mj)) = 0. Extensive calculations show that 

(7.4) m j+1 -m 3 G {2, 7, 20, 61, 182, • • • } 

where the sequence {qj} in is defined by q\ = 2 and qj + i = 3qj + (— 1) J+ . It 

would be of interest to know whether v^{d\{m)) is unbounded: the maximum value 
for 2 < to < 20000 is 12, so perhaps vz{di{m)) — O(logm) as to — > oo. 



8. The general situation. 

In this section we prove the existence of polynomials ai (x) and /3; (x) with positive 
integer coefficients such that 



di(m) 



1 



l\m\2 m+l 



ai(m) 

V fe=l k=l J 



These polynomials are efficient for the calculation of di(m) if I is small relative to 
to, so they complement the results of Section 4. 
For example 



ao(m 
a\ (m 
a 2 (m 
a 3 (m 
cn{m 



and 



[3 (m 

f3 3 (m 
f3i{m 



1 

2m + 1 

2(2to 2 + 2to+1) 

4(2m + 1)(to 2 + to + 3) 

8 (2m 4 + 4to 3 + 26m 2 + 24m + 9). 




1 

2(2m+ 1) 
12(m 2 + to 
8(2m+ l)(2m 



1) 

2 1 2to 



9). 



The proof consists in computing the expansion of P m (a) via the Leibnitz rule: 

2 m+3/2 ; /;\ / a \ l ~0 / A \ 3 



P m {a) 



n ^C')( da ) ( a + 1 ) a=o (da 



N A(a;m) 



a=0 
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We have 

(8.1) (j-J (a fir : - 



2 _ 2r (2m + 2)! (m-r + 1)! 
Q =o ~ (m + 1)! {2m- 2r + 2)! 



and 

(8.2) (4X N i(a;m) = (-l) r (m + , r)! 2 r /°° 7 A ^ - do;. 

The integral is evaluated via the change of variable t — x 4 as 

f°° x 2r dx 1 /r 1 r 3\ 

7 (x 4 + - 4 v 2 + 4' m+ 2 + 4j' 

This yields 



i=i 

Therefore 

^(0) = 

/!(2m + 2)! ^ (-i) J(m -/ + j + i)!(2j)! " _ 
2 m + 2J m!(m+l)!^ - j)\(2m - 21 + 2j + 2)\ jj 1 JJ ' 

We now split the sum according to the parity of j. In the case j is odd (= 2t — 1) 
we use 

m m / m+t—1 t— 1 \ 

n(4i/-i+2j) = n(^ +i ) n (4^+i)/n(^+ i ) 

i/— 1 i/— 1 \^— m+l i/— 1 / 

and if j is even (= 2t) we employ 

m m / m-\-t t \ 

n(4i/-i+2j) = n^- 1 ) n (^-lj/n^- 1 ))- 

We conclude that 

m m 

with 

X(m,l) = 

(2m + 2)! L ^ J (m-Z + 2f + l)!(4t)! II^m+i(^-l) 

2 m+2/ m! ( m + 1)! ^ (2t)! 2 (/ - 2t)!(2m - 21 + 4i + 2)! nLi( 4jy - *) 

and 

Y(m,l) = 

(2m + 2)! L(i ^ /2J (m-l + 2t)\ (At - 2) ! UTZl+i (f^+l) 

2 m + 2/ m!(m+ 1)! ^ (2i - 1)! 2 (Z - 2t + l)!(2m - 2/ + 4i)! nt= 1 i( 4 ^ + 1 ) ' 

The quotients of factorials appearing above can be simplified via 

+ - n(j+m-l + 2t+l) 



(m-Z + 2i+l)! 



12 
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and 

( J-l;t 2 i+2) - 2 '" 2 ' ( n (• + m - 1 + a + d) (n<» + - » + «+ ■ 



We conclude that 



. / m m \ 

di(m) = a,(m) 11(41/ -1)-A(m)n(4i/+1) 

\ i/— i ^— i / 

with 

L'/2J /4t\ r-rm+t ft \ / m 

-.(».) - "S ^) ln fe 1 ) (n^--»)LiL,^^» 

and 

„ , , „ l "P. m Gi:;) / n:r,n»D '| ( fj . 

«.») - « g 2 ,- 1(i _ 2t+1)] ( n ,-. (4 „ +1) J^n^/ 2 - 1 ' 

The identity 

(4i)! ' ! N 



is now employed to produce 

[;/2j , . m +t m t-1 

«im - e L n (^-!) n (2^+i)n^+ i ) 

t=0 ^ ' v=m+\ i/=m-(i-2t-l) ^=1 

and 

L(/+1)/2J , . m+t-l m t-1 

A(m) = g ( ) n n (2^+i)n^- 1 )- 

t=l ^ ' v=m+l v=m-(l-2t) v=l 

We have proven: 

Theorem 8.1. There exist polynomials ai(x) and fii{x) with integer coefficients 
such that 

^ / rn rn \ 

dl{m) = IW2^ ai(m)n(4fc-l)-A(m)n(4fc + l) . 

V fe=i fe=i / 

Based on extensive numerical calculations we propose 

Conjecture 8.2. v4Zi f/ie roots of the polynomials a; (to) and /3;(m) Zze on i/ie fee 
#e(m) = -1/2. 



THE 2-ADIC VALUATION OF THE COEFFICIENTS OF A POLYNOMIAL 



13 



References 

[1] BERNDT, B.: Ramanujan's Notebooks. Part I. Springer- Verlag, 1985. 

[2] BOROS, G. - MOLL, V.: A formula hidden in Gradshteyn and Ryzhik. Journal of Comp. 

Applied Math. 106 (1999) 361-368. 
[3] GRAHAM, R. L. - KNUTH, D. E. - PATASHNIK, O.: Concrete Mathematics, Addison- 

Weslcy, 1989. 

[4] JORDAN, C.: Calculus of Finite Differences, Chelsea, 1950. 

[5] LEGENDRE, A.M.: Theorie des Nombres, Firmin Didot Freres, Paris, 1830. 

George Boros, Department of Mathematics. University of New Orleans, New Or- 
leans, LA 70148, EMAIL: GBOROS@@MATH. UNO.EDU 

Victor H. Moll 1 , Department of Mathematics, Tulane University, New Orleans, LA 
70118, email: gboros@@math. uno.edu 

Jeffrey Shallit, Department of Computer Science, University of Waterloo, Water- 
loo, Ontario N2L 3G1, Canada, email:shallit@@graceland.uwaterloo.ca 



webpage: www. math. tulane. edu:80/~vhm 



